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We study the ground state and low-lying excited states of the Kitaev-Heisenberg model on a ladder geometry
using the density matrix renormalization group and Lanczos exact diagonalization methods. The Kitaev and
Heisenberg interactions are parametrized as K = sinφ and J = cosφ with an angle parameter φ. Based on
the results for several types of order parameters, excitation gaps, and entanglement spectra, the φ-dependent
ground-state phase diagram is determined. Remarkably, the phase diagram is quite similar to that of the Kitaev-
Heisenberg model on a honeycomb lattice, exhibiting the same long-range ordered states, namely rung-singlet
(analog to Ne´el in 3D), zigzag, ferromagnetic, and stripy; and the presence of Kitaev spin liquids around the
exactly solvable Kitaev points φ = ±pi/2. We also calculate the expectation value of a plaquette operator
corresponding to a pi-flux state in order to establish how the Kitaev spin liquid extends away from the φ = ±pi/2.
Furthermore, we determine the dynamical spin structure factor and discuss the effect of the Kitaev interaction
on the spin-triplet dispersion.
I. INTRODUCTION
Quantum spin liquids (QSLs) have been widely investi-
gated in the last decades. In particular, the introduction of
the Kitaev model and related spin liquid, so-called “Kitaev
spin liquid (KSL)”, in 20061 has attracted great interest in
the condensed matter community. The Kitaev model con-
sists of Ising bond-direction dependent interactions (leading
to an exchange frustration) on a honeycomb lattice. Amaz-
ingly, it is exactly solvable. Few years later, Jackeli and Khal-
liulin pointed out that a strong spin-orbit coupling in the d5
transition metal compounds could bring the realization of this
model2. However, it is not simple to experimentally stabilise
the KSL because even small amount of Heisenberg interaction
present in real materials easily takes the system into a mag-
netically long range ordered (LRO) state. A model containing
Kitaev and (nearest-neighbor) Heisenberg interactions is the
so-called Kitaev-Heisenberg (KH) Hamiltonian. The inter-
play of these two interactions leads to non-integrable ground
states and requires numerical methods in order to determine
the magnetic properties of the low-energy states.
In the last decade, a growing number of investigations have
been carried out on Kitaev materials3. Generally, the can-
didates are classified broadly into two groups in terms of
the geometries: Two-dimensional (2D) honeycomb materi-
als such as α-RuCl34–6, Na2IrO3, β-Li2IrO37–10 and three-
dimensional (3D) hyperhoneycomb materials such as α- and
γ-Li2IrO311,12. Nonetheless, all these materials exhibit mag-
netic ordering at low temperature under normal pressures13,14.
Mostly, further interactions beyond the pure KH model, such
as long range Heisenberg and off-diagonal exchange interac-
tions, seem to play a crucial role in the magnetic properties.
Recently, the possibility of a pressure and/or field induced
spin liquid state has been also intensively studied. For this rea-
son, testing a wide variety of internal and external parameters
on the Kitaev materials has been a subject of active research.
To evaluate the effect of such parameters correctly, a detailed
understanding of the pure KH model is becoming more and
more important in the context of QSL research.
Though the original KSL was introduced on the honey-
comb lattice, it is known that the Kitaev interaction on any 3-
coordinated lattice gives rise to non-trivial properties: In this
sense, while a one-dimensional (1D) KH chain represented
in Fig. 1(a) cannot possess a KSL state, the KH model on a
ladder (we simply refer to it as the KH ladder hereafter) in
Fig. 1(b) already meets the geometrical requirement. The KH
ladder can be also extracted from a brickwall lattice [Fig. 1(c)
], which is geometrically equivalent to the honeycomb lattice:
Cutting along the grey line and folding the cut z-bonds toward
the center we recover the KH ladder in Fig. 1(b). There-
fore, it is expected that one can gain insight about the ba-
sic properties of the honeycomb-lattice KH model from the
KH ladder. In fact, we previously found a certain similar-
ity in magnetic ordering even between the 1D KH model and
the honeycomb-lattice KH model15. Since the interplay of
Kitaev and Heisenberg interactions in 2D or 3D geometries
may pose serious challenges to the available numerical meth-
ods, it is a good strategy to consider the ladder system next.
We can make use of he density-matrix renormalization group
(DMRG) technique to study quasi-1D systems with great ac-
curacy16. Moreover, the ground-state properties and phase
diagram of the coupled KH chains are yet to be extensively
discussed17.
Motivated by this situation, we study the KH ladder us-
ing the DMRG method in this paper. We obtain the ground-
state phase diagram to be composed of four magnetically
ordered phases, namely rung-singlet, stripy, ferromagnetic
(FM)-xy, zigzag; and two liquid phases, namely antiferro-
magnetic (AFM) KSL and FM KSL, depending on the ra-
tio between Kitaev and Heisenberg interactions. To deter-
mine the phase boundaries, we compute several order parame-
ters, excitation gap, and entanglement spectra. Strikingly, the
phase diagram of the KH ladder is very similar to that of the
honeycomb-lattice KH model. We then proceed at analyzing
the low-lying excitations of the KH ladder by calculating the
dynamical spin structure factor with using the Lanczos exact
diagonalization (ED). It is interesting that most of the spectral
features can be explained by considering those of the 1D KH
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FIG. 1. (a) Lattice structure of the KH chain. (b) Lattice structure of
the KH ladder studied in this paper. (c) Structure of the KH model
on a brickwall lattice, which is geometrically equivalent to the hon-
eycomb lattice. The grey rectangle shows a cutout that makes the
mapping to the ladder represented in (b) possible. The indices x, y
and z indicate the three different bonds: x-bond, y-bond, and z-bond,
respectively.
model15.
The paper is organized as follows: Our Hamiltonian of the
KH ladder is explained and the applied numerical methods
are described in Sec. II. In Sec. III we present the four kinds
of LRO magnetic state that are present depending on the ra-
tio between Kitaev and Heisenberg interactions. In Sec. IV
we discuss the properties of KSL states expanded around the
large limit of Kitaev interaction. In Sec. V the ground states
are summarized as a phase diagram as a function of the ratio
between Kitaev and Heisenberg interactions. We also com-
pare the ground-state phase diagram with those of 1D KH
model and 2D honeycomb-lattice KH model, and discuss the
similarity and dissimilarity among them. Sec. VI explains
the fundamental features of dynamical spin structure factor in
each the phase. Finally we conclude in Sec. VII.
II. MODEL AND METHOD
A. Model
We study the KH ladder as represented in Fig. 1(b). The
Hamiltonian is described by
H = K
L/2∑
i=1
(Sx2i−1,1S
x
2i,1 + S
y
2i,1S
y
2i+1,1) + J
L∑
i=1
~Si,1 · ~Si+1,1
+K
L/2∑
i=1
(Sx2i,2S
x
2i+1,2 + S
y
2i−1,2S
y
2i,2) + J
L∑
i=1
~Si,2 · ~Si+1,2
+K
L∑
i=1
Szi,1S
z
i,2 + J
L∑
i=1
~Si,1 · ~Si,2, (1)
where Sαi,j is the α-component of spin-
1
2 operator ~Si,j at rung
i and leg j (= 1, 2), L is the system length, and K and J are
the Kitaev and Heisenberg interactions, respectively. The first
two lines denote the intra-leg interactions and the last line de-
notes the inter-leg interactions: Each leg has a period of two
lattice spacing and there are three kinds of bond-dependent
interactions. As shown in Fig. 1(c) one finds that the KH lad-
der (1) is a system cut out of the KH model on a Brickwall
lattice. Since the Brickwall-lattice KH model is obtained by
deforming the honeycomb-lattice KH model, the KH ladder is
geometrically equivalent to the honeycomb-lattice KH model.
Note that the KH ladder has a strong cluster anisotropy, i.e.,
the periodicity along the z bond is short. Nonetheless, the
LRO states observed in the honeycomb-lattice KH model also
have a short periodicity in the bond direction and all of them
can be reproduced in the KH ladder as shown below. In this
paper, to compare magnetic properties of the KH ladder to
those of the honeycomb-lattice KH model, we focus on the
case of equal Kitaev and Heisenberg terms on the three bonds.
For convenience, we introduce an angle parameter φ, setting
J = cosφ and K = sinφ.
The Hamiltonian (1) can be rewritten as
Hleg = 2J +K
4
2∑
j=1
L∑
i=1
(S+i,jS
−
i+1,j + S
−
i,jS
+
i+1,j)
+
K
4
2∑
j=1
L∑
i=1
(−1)(i+j)(S+i,jS+i+1,j + S−i,jS−i+1,j)
+ J
2∑
j=1
L∑
i=1
Szi,jS
z
i+1,j , (2)
for the intra-leg couplings, and
Hrung = J
2
L∑
i=1
(S+i,1S
−
i,2 + S
−
i,1S
+
i,2) + (J +K)
L∑
i=1
Szi,1S
z
i,2
(3)
for the inter-leg, i.e., rung, couplings. We can easily notice
that all the nearest-neighbor bonds have a XXZ-type inter-
actions, and the sign-alternating double-spin-flip fluctuations
acts only along the leg direction.
B. Method
We employ the DMRG method to investigate the ground-
state properties of our model (1). We study finite-size sys-
tems with length up to L × 2 = 160 × 2 with keeping up to
m = 4000 density-matrix eigenstates in the renormalization
procedure. In this way, the truncation error, i.e. the discarded
weight, is ∼ 10−11. The calculated quantities are extrapo-
lated to the limit m → ∞ if needed. This allows us to per-
form very accurate finite-size scaling analysis. We use open
and periodic boundary conditions depending on the quantity
we consider. To identify the ground state for the given an-
gle parameter φ, we compute several order parameters, spin
3gap, plaquette operator, dynamical spin structure factor and
entanglement spectra. When we calculate the order parameter
under open boundary conditions, the LRO state is observed as
a state with a broken translational or spin symmetry. There
are in fact several degenerate ground states; one configuration
of the degenerate states is selected as the ground state by the
initial condition of the DMRG calculation.
For the dynamical calculations, we use the Lanczos ED
method. To examine the low-energy excitations for each
phase, we calculate the dynamical spin structure factor, de-
fined as
Sγ(q, ω) =
1
pi
Im〈ψ0|(Sγq )†
1
Hˆ + ω − E0 − iη
Sγq |ψ0〉
=
∑
ν
|〈ψν |Sγq |ψ0〉|2δ(ω − Eν + E0), (4)
where γ is z or −(+), |ψν〉 and Eν are the ν-th eingenstate
and the eigenenergy of the system, respectively (ν = 0 corre-
sponds to the ground state). Under periodic boundary condi-
tions, the spin operators Sγq can be precisely defined by
Sγq =
√
2
L
∑
i
Sγi,j exp(iqri,j) (5)
where ri,j is the position of site (i, j). The sum runs over
either i even or i odd sites with fixing j = 1 or 2. They pro-
vide the same results. The momentum is taken as q = 4piL n
(n = 0,±1, . . . ,±L4 ) since the lattice unit cell includes four
sites and the number of unit cells is L2 in a system with
L×2 sites. We calculate both spectral functions S±(q, ω) and
Sz(q, ω) as they are different due to broken SU(2) symmetry
except at φ = 0 and pi. We study ladders with L×2 = 12×2,
namely, 6 unit cells, by the Lanczos ED method. As shown
below, our model (1) contains only commensurate phases with
unit cell containing one, two, or four sites. Therefore, a quan-
titative discussion for the low-lying excitations is possible
even within the 12× 2 ladder.
III. ORDERED PHASES
In this section, we present the DMRG results for LRO
phases in the ground state. We find four kinds of ordering,
namely: stripy, rung-singlet, zigzag, and FM-xy phases. The
rung-singlet state is not magnetically ordered but the system
is in a unique state with dimer ordering, namely, the dimer-
dimer correlation is long ranged. The names of the ordered
phases follow Ref. 8. In the LRO states, except for the rung-
singlet state, the translational or spin rotation symmetry is bro-
ken in a finite system due to Friedel oscillations under open
boundary conditions, so that the ordered state can be directly
observed with a local quantity by extracting one of the degen-
erate states. Generally, the Friedel oscillations in the center of
the system decay as a function of the system length. If the am-
plitude at the center of the system persists for arbitrary system
lengths, it corresponds to a long range ordering.
(a)
(b)
(c)
FIG. 2. (a) Schematic spin configuration of the stripy state. (b) Fi-
nite size scaling of the stripy order parameter for several values of
φ. The dotted line helps the eye follow the data points, solid lines
represent the linear fitting. (c) Extrapolated stripy order parameter as
a function of φ/pi.
A. Stripy phase (1.57pi < φ < 1.7pi)
Let us start with the stripy state. In the region of 32pi <∼ φ <
7
4pi, since J > 0 and J + K < 0, the leg and rung interac-
tions are AFM and FM, respectively. Thus, we naively expect
the coupled chains to order in what we call the stripy state, as
depicted in Fig. 2(a). Getting back to the original Brickwall
lattice, the alignments of up spins and down spins appear al-
ternately with running along the leg. This state can be analyt-
ically proven at φ = tan−1(−2) ≈ 1.65pi, where our model
(1) is exactly solvable: The rung Hamiltonian (3) leads sim-
ply to isotropic FM couplings due to J +K = −J ; whereas,
the leg Hamiltonian (2) is reduced to a sum of double-spin-flip
(S+S++S−S−) and Ising (SzSz) parts because the exchange
(S+S− + S−S+) term disappears due to 2J + K = 0. The
total energy of our system (1) is minimized by taking the wave
4function as
|Ψ0〉 = 1√
2
L/2∏
i=1
S−2i,1S
−
2i,2| ⇑〉+
L/2∏
i=1
S+2i,1S
+
2i,2| ⇓〉
 , (6)
where | ⇑〉 and | ⇓〉 denote configurations including only
up and down spins, respectively. Note that all the spins are
aligned along the z-direction. When the Hamiltonian (1) is
applied to this wave function (6), only the Ising terms provide
nonzero components. Thus, no quantum fluctuations exist and
the system is in a perfect stripy state described by Eq. (6). The
ground state energy is E0/L = 34J .
It is still a nontrivial question how the wave function (6)
is modified with moving away from φ ≈ 1.65pi. To study it
numerically, we introduce an order parameter defined by
Ostripy(L) = 1
2
(
|〈Sz(L/2,1)〉 − 〈Sz(L/2+1,1)〉
+〈Sz(L/2,2)〉 − 〈SzL/2+1,2)〉|
)
(7)
Ostripy = lim
L→∞
Ostripy(L) (8)
In Fig. 2(b), we show finite-size scaling analysis of Ostripy.
We see how finite-size scaling is of fundamental importance
in this system: the dotted line shows the jump in the order pa-
rameter between the smallest (20×2) and the second smallest
(40×2) systems. The finite size scaling is then performed with
discarding the first point, where the system size is too small to
stabilize the ordering. This explicitly indicates the existence
of “critical length” for stabilizing a long range order. Example
of this kind of behavior are seen also for order parameters of
the other ordered states. The L → ∞ extrapolated value of
the stripy order parameter is plotted in Fig. 2(c). The validity
of the exact wave function (6) is confirmed by Ostripy = 1 at
φ ≈ 1.65pi. Even away from φ ≈ 1.65pi, Ostripy keeps rel-
atively large value (∼ 1) and drops down to zero at the both
edges, φ ≈ 1.57pi and φ = 1.7pi. It means that the transitions
at both phase boundaries are of the first order.
In our previous paper15 we found that the 1D KH model
exhibits a Nee´l-z state, i.e., Nee´l ordering with spins parallel
or antiparallel to the z-axis, for 1.65pi <∼ φ < 2pi. In this sense
the stripy state oh the KH ladder may be also interpreted as
two Nee´l-z chains coupled by FM interaction.
B. Zigzag phase (0.53pi ≤ φ < 0.8pi)
In the region of 12pi <∼ φ < 34pi, since J < 0 and J+K > 0,
the leg and rung interactions are FM and AFM, respectively.
Hence, an ordered state as in Fig. 3(a) is expected. We call it
zigzag state by following the name of the corresponding state
in the honeycomb-lattice KH model8 (our straight leg corre-
sponds to a zigzag line in the honeycomb lattice). Through a
similar analysis of the exact wave function (6) at φ ≈ 1.65pi,
we could assume the wave function at φ ≈ 0.65pi to be
|Ψ0〉 ≈ 1√
2
[
L∏
i=1
S−i,1| ⇑〉+
L∏
i=1
S+i,1| ⇓〉
]
. (9)
(c)
(b)
(a)
FIG. 3. (a) Schematic spin configuration of the zigzag state. (b) Fi-
nite size scaling of the zigzag order parameter for several values of φ.
Dotted lines help the eye follow the data points, solid lines represent
the linear fitting. Note that for φ = 0.53pi the order parameters is
finite only for L ≥ 140. (c) Extrapolated zigzag order parameter as
a function of φ/pi.
However, unlike in the case of φ ≈ 1.65pi, this classical con-
figuration is just a good approximation for the wave function
at φ ≈ 0.65pi but not an exact one because quantum fluctua-
tions are involved from the intra-leg double-spin-flip and rung
exchange processes.
We define the following order parameter to see the instabil-
ity of zigzag ordering:
Ozigzag(L) = 1
2
(
|〈Sz(L/2,1)〉+ 〈Sz(L/2+1,1)〉
−〈Sz(L/2,2)〉 − 〈SzL/2+1,2)〉|
)
(10)
Ozigzag = lim
L→∞
Ozigzag(L) (11)
Fig. 3(b)(c) show the finite-size scaling analysis ofOzigzag(L)
for several values of φ. At the lower boundary with the AFM
KSL phase (φ = 0.53pi), the long range order settles only at
5large system sizes L ≥ 140: This can be interpreted as some
kind of ”fragility“ of the zigzag ordering close to the AFM
KSL. Moreover, it underlines the importance of studying large
enough ladders using the DMRG method for this system. In
Fig. 3(c) we plot the extrapolated values ofOzigzag in the ther-
modynamic limit. We can see that Ozigzag keeps ∼ 0.7− 0.8
in most of the zigzag phase and Eq. (9) gives a good approx-
imation for this zigzag state. Around the lower phase bound-
ary (φ ∼ 0.53pi), Ozigzag approaches rather continuously to
zero with approaching the phase boundary, suggesting a sec-
ond order of continuous transition; whereas at the upper phase
boundary (φ ∼ 0.8pi), Ozigzag drops down to 0, suggesting a
first-order transition.
For φ < 0.75pi, the leading interaction on the rungs is AFM
since J +K is positive in Eq. (3). Therefore, the zigzag state
may be simply interpreted as antiferromagnetically coupled
FM chains (“FM-z state”15) obtained in the 1D KH model at
0.65pi < φ < pi. However, the lower bound of the zigzag
phase is significantly more extended (down to φ = 0.53pi)
than the lower bound of the FM-z state (φ = 0.65pi) in the
1D KH model. At 0.5pi < φ < 0.65pi the 1D KH model is
in a liquid state called “spiral-xy state”. Nevertheless, ferro-
magnetic fluctuations on the legs would be strong because of
the negative J in Eq. (2) and the zigzag ordering can be sta-
bilized by the dominant AFM Ising term on the rungs due to
J + K > |J | in Eq. (3). In other words, the FM alignment
on each leg is just taken care of by the interchain AFM cou-
plings. This may be related to the fragility of the zigzag order
near the AFM KSL phase.
C. Rung-singlet phase (−0.3pi ≤ φ ≤ 0.48pi)
At φ = 0 (J = 1, K = 0), our system (1) is a pure
isotropic AFM Heisenberg ladder, known to be in a rung-
singlet state with singlet-triplet excitation gap ∆ = 0.5037J
(Ref. 18). The schematic picture of rung-singlet state is given
in Fig. 4(a). We compute the excitation gap to see how the
perturbation introduced by the Kitaev term affects this state.
Since the total Sz is not a good quantum number except at
φ = 0, the gap is simply defined as the energy difference be-
tween the ground state and first excited state:
∆(L) = E1(L)− E0(L) ∆ = lim
L→∞
∆(L), (12)
where E0 is the ground state energy and E1 is the first excited
state energy. Fig. 4(b)(c) show the finite-size scaling analysis
of ∆(L) for several values of φ and the L → ∞ extrapolated
value of ∆ as a function of φ, respectively. It is remarkable
that the gap is clearly asymmetric about φ = 0, reaching its
maximum at φ ∼ 0.1pi: this could be understood by noticing
that bothK and J are AFM in the region of 0 < φ < 12 ; while,
K and J have different signs in the region of − 12pi < φ < 0.
The gap closes gradually with approaching the boundary to
the stripy phase at φ = −0.3pi and to the AFM KSL phase at
φ = 0.48pi. Thus, they are both continuous transitions.
Let us provide a more comprehensive explanation about the
asymmetry of the gap in respect to φ. In an AFM Heisen-
berg ladder, it is known that the magnitude of the gap roughly
(a)
(b)
(c)
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FIG. 4. (a) Schematic spin configuration of the rung singlet state,
where a red ellipse represents a spin singlet. (b) Finite size scaling of
the gap for φ = −0.2pi, 0.1pi, and 0.47pi. (c) Extrapolated spin gap
as a function of φ/pi. Inset: Spin gap of isolated rung as a function
of φ.
scales with the AFM rung interaction. This also means that
the spin-spin correlations are strongly screened. Therefore, a
single dimer may be expected to be an effective model to re-
produce the gap behavior. We then extract an isolated rung:
J
2 (S
+
1 S
−
2 + S
−
1 S
+
2 ) + (J + K)S
z
1S
z
2 from our system (1).
This two-site system can be easily diagonalized and the gap is
obtained as ∆i−rung = 2J+K2 for φ < 0 and ∆i−rung = J for
φ > 0. In the inset of Fig. 4(c) the gap obtained for the iso-
lated rung is plotted. The qualitative trend the of gap with φ is
well described by the single dimer. Furthermore, the gap clos-
ing points at φ = tan−1(−2) ≈ −0.35pi and φ = 12pi are very
close to those for the original KH ladder. It proves the strong
screening of spin-spin correlations in the whole rung-singlet
phase.
6(b)
(a)
FIG. 5. (a) Finite-size scaling of the local spin 〈S〉 for several values
of φ. Dotted lines help the eye follow the data points, solid lines
represent the fitting. (b) Extrapolated values of 〈S〉 as a function of
φ/pi.
D. Ferromagnetic phases
At φ = pi (J = −1, K = 0), the system is in an SU(2)
isotropic FM state. This state can be expressed as a sum of
fully polarized spin configurations for all of the total Sz sec-
tors, namely, Sztot =
∑
i S
z
i = 0,±1,±2, · · · ,±L. On leav-
ing φ = pi, they are lifted: For |pi − φ|  1, the first order
perturbation in the Hamiltonian (1) is given by
H′ = pi − φ
4
2∑
j=1
L∑
i=1
(S+i,jS
−
i+1,j + S
−
i,jS
+
i+1,j)
+
pi − φ
4
2∑
j=1
L∑
i=1
(−1)(i+j)(S+i,jS+i+1,j + S−i,jS−i+1,j)
+ (pi − φ)
L∑
i=1
Szi,1S
z
i,2, (13)
where the non-perturbative part is the simple FM Heisenberg
ladder with J = −1 (∀ nearest neighbor bonds). To gain
the energy benefits by H′, the total Sz sectors in the wave
function are restricted to Sztot = 0,±2,±4, · · · ,±L. Thus,
near the vicinity of φ = pi the ground state is approximately
denoted by
|ψ〉 ≈ 1√N
∑
m
|φm〉 (14)
where m runs over all the possible spin configurations |φm〉
(m = 1 · · · N ) with Sztot = 0,±2,±4, · · · ,±L, N is the
number of the spin configurations, i.e., N = ∑Ln=0 2LC2n =∑L
n=0
(2L)!
(2n)!(2L−2n)! . As a result, the polarized direction is
[110] in the spin space, namely, 〈Sxi Sxj 〉 = 〈Syi Syj 〉 = 18 and
〈Szi Szj 〉 = 0 (∀i, j). We call it FM-xy state. This breaking
of the SU(2) symmetry is a consequence of the double-spin-
flip term, which immediately suppressed the spin polarization
along the z-axis.
To determine the range of the FM-xy phase, we calculate
the total spin per rung Stot/(2L), defined by
Stot(Stot + 1) =
2∑
j,j′=1
L∑
i,i′=1
~Si,j · ~Si′,j′ (15)
and the local spin
〈S〉 =
√
〈Sxi,j〉2 + 〈Syi,j〉2 + 〈Szi,j〉2 (16)
at the center of the system i = L2 . Note that we can directly
detect the local moment in the FM state since the spin rotation
symmetry is broken by using open boundary conditions. We
have confirmed 〈S〉 = Stot/(2L) in the thermodynamic limit.
Fig. 5 shows 2〈S〉 as a function of φ. At the isotropic SU(2)
point (φ = pi), 2〈S〉 = Stot/L = 1. We find that 2〈S〉 decays
very slowly from 1 as the distance from φ = pi, and keeps
∼ 1 in the whole FM-xy region 0.8pi < φ < 1.37 < pi.
The robustness of the FM-xy state is naively expected because
both J and J + K are FM at 34pi < φ <
3
2pi. Then, at both
boundaries, to the zigzag state at φ = 0.8pi and to the spin
liquid state φ = 1.37φ, it sharply drops down to 0, which
indicates first order transitions.
IV. SPIN LIQUID STATES
We have determined the phase boundaries of LRO phases
covering most of the φ range. In the remaining two narrow φ
regions around the Kitaev points φ = ±pi2 , we found no long
range ordering, i.e., they are spin liquid states. To consider the
similarity to the so-called KSL in the honeycomb KH model,
we compute the expectation value of plaquette operator and
the excitation gap.
A. Plaquette operator
It is known that the Kitaev model, e.g., on a hexagonal clus-
ter and ladder, is in a pi-flux state. This state is characterized
by the expectation value of plaquette operator to be unity. We
7(a)
(b)
FIG. 6. Expectation value of the plaquette operator around (a) the
AFM KSL point φ = pi/2 and (b) the FM KSL point φ = 3pi/2 for
different system lengths. Shaded areas show the neighboring LRO
phases. The insets in (a) and (b) show the considered 6-site plaquette
corresponding to a hexagon in the honeycomb-lattice KH model.
define the expectation value of the plaquette operator for our
system (1) as
Oplaquette = 〈Sx1Sy2Sz3Sx4Sy5Sz6 〉 (17)
where the numbering of sites is indicated in the inset of Fig. 6.
Note that this 6-site plaquette corresponds to a hexagon in the
honeycomb-lattice KH model. In Fig. 6 we show Oplaquette
calculated with ED for several ladder lengths under periodic
boundary conditions. The finite-size effect seems to be neg-
ligible within the spin liquid phases. At both of the Kitaev
points φ = ±pi/2, Oplaquette is 1 as expected. With moving
away from φ = ±pi/2, Oplaquette decreases but keeps ∼ 1 in
finite regions. In the vicinities of the neighboring LRO phases,
it decreases rapidly to∼ 0. This means that the ranges of spin
liquid phases characterized by nonzero Oplaquette are consis-
tent to the phase boundaries with LRO state estimated by order
parameters and spin moment. Interestingly, the region of FM
KSL is a few times wider than that of AFM KSL. This is sim-
ilar to the trend in the honeycomb KH model (see below). We
have also confirmed that the spin-spin correlations are finite
only between neighboring sites at the Kitaev points, as in the
(a)
(b)
FIG. 7. (a) Finite-size scaling of the excitation gap as a func-
tion of the inverse system length at the Kitaev points φ = ±pi/2.
(b) Semi-log plot of (a). The blue line is fitting function ∆ =
0.62 exp(−0.52L).
honeycomb-lattice KH model.
B. Excitation gap
We compute the excitation gap using Eq. (12) at the two
Kitaev points φ = ±pi/2. The results are the same at both
points. In Fig. 7(a) the excitation gap is plotted as a function
of the inverse system size. It seems to indicate a vanishing gap
in the thermodynamic limit. Actually, as shown in Fig. 7(b) an
exponential decay is clearly seen by plotting it in a semi-log
scale. Although this result might seem in opposition with the
previous studies in Refs. 19 and 20, we can suggest at least
that no gap exists between the ground state and the first ex-
cited state. Within our numerical analyses for the spin liquid
state in the KH ladder we have found no difference from an
isotropic KSL state in the honeycomb-lattice KH model. This
should be further investigated in future studies.
8(a) (b) (c)
FIG. 8. (a) φ-dependent Phase diagram of the 1D KH model, where Sp-xy, St-xy, and TLL are abbreviations for “spiral-xy”, “staggered-xy”,
and Tomonaga-Luttinger liquid, respectively. The details are explained in Ref. 15. (b) Phase diagram of the KH ladder, obtained in this paper.
(c) Phase diagram of the honeycomb-lattice KH model21.
FIG. 9. Entanglement spectra for representative φ-points of the dif-
ferent phases in the ground-state phase diagram. The used system
size is L × 2 = 32 × 2 for the LRO states and L × 2 = 24 × 2 for
the two Kitaev points.
V. PHASE DIAGRAM
Based on the above numerical results, we present the φ-
dependent ground-state phase diagram of the KH ladder in
Fig. 8(b). For comparison, we also show the ground-state
phase diagrams of the KH model on a single chain15 and
on a honeycomb lattice21 in Fig. 8(a) and (c), respectively.
In our previous paper15, we argued that the φ-dependent
phase diagram of the 1D KH model is similar to that of the
2D honeycomb-lattice KH model; all the LRO states of the
honeycomb-lattice KH model can be interpreted in terms of
the coupled KH chains. In this paper, surprisingly, we found
that the phase diagram of just two coupled KH chains, i.e.,
the KH ladder, is getting more similar to that of the 2D
honeycomb-lattice KH model. Only recognizable differences
are the followings:
(i) The Nee´l phase is replaced by rung-singlet phase. The
rung-singlet gap decreases with increasing the number of KH
chains and goes to zero in the honeycomb KH limit. This is
essentially the same as the relation between n-leg Heisenberg
ladder and 2D Heisenberg model.
(ii) The KSL phases in the KH ladder is wider than those in
the honeycomb-lattice KH model because the quantum fluc-
tuations are stronger due to the low dimensionality.
Finally, to get further insights into the topological proper-
ties of our system (1), we investigate the entanglement spec-
trum22. Using Schmidt decomposition, the ground state can
be expressed as
|ψ =
∑
i
e−ξi/2|φAi 〉 ⊗ |φBi 〉, (18)
where the states |φSi 〉 correspond to an orthonormal basis for
the subsystem S (either A or B). We study a periodic ladder
with L × 2 = 32 × 2 sites and divide it into isometric sub-
domains A and B with L2 × 2 sites. In our calculations, the
ES {ξi} is simply obtained as ξi = − log λi, where {λi} are
the eigenvalues of the reduced density matrices after the bi-
partite splitting. The low-lying entanglement spectrum levels
are plotted as function of φ in Fig. 9. We find that the lowest
level has no degeneracy in the magnetic LRO phases, which
are topologically trivial. In the KSL phases, the lowest level
has two-fold degeneracy and of the higher levels have high
degrees of degeneracy. These are consistent with the ground-
state phase diagram.
VI. LOW-LYING EXCITATIONS
In this section, we study the low-lying excitations of the
KH ladder by calculating the dynamical spin structure factor.
We compute both Sz(q, ω) and S−(q, ω) for each of the LRO
phase. For the FM KSL state we compute them at three differ-
ent φ values to study the effect of the Heisenberg interaction
on the dispersion. The calculations were done using ED and a
ladder of size L = 12× 2 with periodic boundary conditions.
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(b)
(c)
(d)
FIG. 10. Dynamical structure factors calculated with a 12× 2 ladder
with periodic boundary conditions in the (a) rung-singlet (φ = 0.2pi),
(b) stripy (φ = 1.64pi), (c) zigzag (φ = 0.6pi), and (d) FM-xy (φ =
0.9pi) phases. The left and right panels show Sz(q, ω and S−(q, ω),
respectively. The red dotted lines are guide to the eye and red solid
lines are spin-triplet dispersion obtained by the spin-wave theory.
(a)
(b)
(c)
FIG. 11. Dynamical structure factors in the FM KSL phase, calcu-
lated with a 12 × 2 ladder under periodic boundary conditions for
(a) φ = 1.4pi, (b) φ = 1.5pi, and (c) φ = 1.54pi. The left and right
panels show Sz(q, ω and S−(q, ω), respectively. The results for the
AFM Kitaev point φ = 0.5pi are exactly the same as in (b).
A. Rung-singlet phase
Fig. 10(a) shows the dynamical structure factors for the
rung-singlet state at φ = 0.2pi (J ∼ 0.81,K ∼ 0.59).
The largest peak appears in S−(q = 0, ω ∼ 0.6) reflecting
the dominant AFM fluctuations along the leg. The value of
ω ∼ 0.6 corresponds to the excitation gap ∆ estimated above.
The intensities in S−(q, ω) are larger than those in Sz(q, ω)
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due to the easy-plane xy anisotropy. As indicated in dotted
line, the spin-triplet dispersion ω(q) of Sz(q, ω) can be well
explained by that of the 2-leg Heisenberg ladder with the ra-
tio between rung and leg interactions rungleg ≈ J+KJ ∼ 1.7
(Ref. 23). The spin-triplet dispersion of S−(q, ω) is simi-
lar in shape but it splits with the width ∼ ±K2 at q = pi.
This splitting of spin-triplet dispersion is a general feature in
system including the sign-alternating double-spin-flip term15.
The width of spin-triplet dispersion in Sz(q, ω) and S−(q, ω)
roughly scales to J and J + K2 , respectively.
B. Stripy phase
Fig. 10(b) shows the dynamical structure factors for the
stripy state at φ = 1.64pi (J ∼ 0.43,K ∼ −0.9) where
the single leg can be basically regarded as an easy-axis AFM
XXZ Heisenberg chain. In Sz(q, ω) the largest peak appears
at (q, ω) = (0, 0) due to the Nee´l ordering along the leg. Very
few weights in the other momenta prove the validity of Eq. (6)
with almost perfect alignment of spins parallel or antiparallel
to z-axis and very weak quantum fluctuations. Whereas, the
spin-triplet dispersion of S−(q, ω) is basically explained by
a single magnon dispersion. Thus, the spectral weight is al-
most uniform for all q values, and the dispersion is obtained
by spin-wave theory as
ω(q) = J ± K
2
sin
q
2
. (19)
The good agreement can be seen in Fig. 10(b). Since the stripy
order parameter drops on both phase boundaries, Eq. (19)
would give at least qualitatively a good approximation for the
spin-triplet dispersion in the whole stripy phase.
C. Zigzag phase
Fig. 10(c) shows the dynamical structure factors for the
zigzag state at φ = 0.6pi(J ∼ −0.31,K ∼ 0.95) where each
leg is ferromagnetically ordered. The system can be under-
stood as two FM chains coupled by the Ising-like AFM cou-
pling. The largest peak in Sz(q = 0, ω ∼ 0) reflects the FM
ordering along the leg. The weights in the other momenta are
small since the spins are mostly aligned along the z-axis; how-
ever, they seem to be larger than those for the stripy state. This
implies that the zigzag ordering is more fragile than the stripy
ordering. In S−(q, ω) a largest and lowest-lying peak appears
at q = pi, indicating a four-site periodicity along the leg. The
shape of the dispersion is similar to that of the staggered-xy
ordered state in the 1D KH model. Nevertheless, the gapped
peak position ω ∼ 0.42 clearly suggests no ordering on the
xy-plane. The intensities in S−(q, ω) are larger than those in
Sz(q, ω) due to the easy-plane xy anisotropy.
D. FM states
Fig. 10(d) shows the dynamical structure factors for the
FM-xy state at φ = 0.9pi(J ∼ −0.95,K ∼ 0.30). The largest
peak in S−(q = 0, ω ∼ 0) confirms that the spins lie mostly
on the xy-plane. The other features are very similar between
Sz(q, ω) and S−(q, ω). Both of them have the same excitation
dispersion as
ω1(q) = −2J +K
2
(
1± cos q
2
)
, (20)
and
ω2(q) = −2J +K
2
(
1± cos q
2
)
+ 2|K|. (21)
The splitting between ω1(q) and ω2(q) becomes zero in the
isotropic SU(2) summetric point at q = pi and it is roughly
proportional to |K|.
E. Kitaev spin liquid
In Fig. 11 we show the dynamical structure factors around
the FM Kitaev point (φ = 32pi). At the FM Kitaev point,
both Sz(q, ω) and S−(q, ω) show no dependence on q. This
dispersionless feature is a natural consequence of no spin-
spin correlations except the nearest-neighbor ones. The dis-
tance between the lower and upper bound of the continuum in
S−(q, ω) is of the order of |K|, relating to the spinon prop-
agation along the leg. Note that the spectra at the AFM Ki-
taev point are exactly the same as those at the FM Kitaev
point. Let us then see the effect of the Heisenberg term on
the spectra. Fig. 11(a) and (c) show the dynamical structure
factors at φ = 1.4pi and φ = 1.54pi, respectively. Although
they are almost equally close to the boundary to the neigh-
boring phase, the spectra are apparently quite different: At
φ = 1.54 it mostly keeps the spectral features at the Kitaev
point except that the main peak splits into two peaks with a
small interval ∼ J ; while at φ = 1.4pi the dispersionless fea-
ture is completely collapsed and its lower bound looks rather
similar to the spin-triplet dispersion of the FM-xy state. It
may be related to the fact that the expectation value of the
plaquette operator deviates faster from the pure KSL value
(Oplaquette = 1) at φ < 32pi (J < 0) than at φ < 32pi (J > 0)
with leaving from the FM Kitaev point.
VII. CONCLUSION
We studied the ground state and low-lying excitations of
the KH model on a ladder using the DMRG and Lanczos ED
methods. Based on the results of several order parameters,
excitation gap, and entanglement spectra, we determined the
ground-state phase diagram as a function of the ratio between
Kitaev and Heisenberg interactions. It is very rich and in-
cludes four magnetically ordered phases such as rung-singlet,
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stripy, zigzag, FM, and two spin liquid phases. The phase di-
agram is strikingly similar to that of the KH model on a hon-
eycomb lattice. Distinct differences are only the presence of
a rung-singlet phase instead of the Ne´el state and a few times
wider ranges of two spin liquid phases. These differences can
be understood by the dimensionality: (i) Since the quantum
fluctuations are typically stronger in a lower dimensional sys-
tem, it is more difficult to stabilize LRO state in the ladder
than in a 2D system. (ii) Though the 2-leg KH ladder has a
finite excitation gap in the rung-singlet phase around φ = 0
due to strong cluster anisotropy, the gap decreases with in-
creasing the number of legs and becomes zero in the limit of
2D honeycomb-lattice KH model. We also calculated the dy-
namical spin structure factor using the Lanczos ED method.
Interestingly, most of the spectral features in the KH ladder
can be explained by considering those of the 1D KH model.
Note added — During the preparation of this manuscript,
we became aware of Ref. 24. Their phase diagram agrees very
well with ours.
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